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The attenuation of sound due to the interaction between a low Mach number turbulent

boundary layer and acoustic waves can be significant at low frequencies or in narrow

tubes. In a recent publication by the present authors the acoustics of charge air coolers

for passenger cars has been identified as an interesting application where turbulence

observed that could be used for control of the in-duct sound that is created by the

engine gas exchange process. Analytical frequency-dependent models for the eddy

viscosity that controls the momentum and thermal boundary layers are available but

are restricted to thin acoustic boundary layers. For cases with cross-sections of a few

millimetres a model based on thin acoustic boundary layers will not be applicable in the

frequency range of interest.

In the present paper a frequency-dependent axis-symmetric numerical model for

interaction between turbulence and acoustic waves is proposed. A finite element

scheme is used to formulate the time harmonic linearized convective equations for

conservation of mass, momentum and energy into one coupled system of equations. The

turbulence is introduced with a linear model for the eddy viscosity that is added to the

shear viscosity. The proposed model is validated by comparison with experimental data

from the literature.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

The subject of sound propagation in narrow tubes has been investigated by numerous researchers throughout the years.
Kirchhoff [1] found that the dissipation of sound waves was a result of viscous and thermal effects close to the walls. He
also proposed a description in the form of a complex transcendental equation for the case of a fluid with no incompressible
flow present. An approximate solution to a simplified version of Kirchhoff’s equation was obtained by Zwikker and
Kosten [2] for circular geometries. Research efforts by several consecutive authors were summarized by Tijdeman [3]. None
of this early work, however, treated the effect of a steady mean flow. Peat [4] and Ih et al. [5] have thereafter proposed
variational solutions assuming a parabolic steady velocity distribution and neglecting the influence of radial velocity
components. A numerical solution scheme based on the same assumptions was proposed by Astley and Cummings [6] and
included non-circular geometries. Jeong and Ih [7] and Willatzen [8] studied the influence of the radial velocity term.
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While assuming a constant steady flow and the Zwikker and Kosten [2] simplifications Dokumaci derived solutions for
ducts with circular as well as rectangular cross-sections [9,10]. The effect of axial pressure and temperature gradients has
been treated by Peat [11], Peat and Kirby [12], and Dokumaci [13]. Two important conclusions from those works is that
good correspondence can be obtained if a non-circular tube is modelled as a circular duct with the same hydraulic
diameter and that the radial velocity term might affect the results but just to a small extent.

The effect of attenuation of pulsations through interaction with turbulence has mainly been investigated by the fluid
mechanics community. Large amplitude velocity-oscillations in ducted flow was investigated experimentally, e.g. by Tardu
et al. [14]. Examples of recent efforts that use Large-Eddy simulations as a tool to study different aspects of the phenomena
including acoustic waves are the work by Scotti and Piomelli [15] and by Comte et al. [16]. An example of an early attempt
to model the effect of turbulence damping of acoustic waves in pipe flow is the work by Ingard and Singhal [17] where a
crude model of the dissipation was introduced as a modified wavenumber. Other attempts to model acoustic wave
propagation in turbulent pipe flows were for instance reported by Ronneberger and Ahrens [18], Mankbadi and Liu [19]
and Peters et al. [20]. Detailed experimental data was also provided in Refs. [18,20] and by Allam and Åbom [21]. From
those studies it has been concluded that damping is achieved if the thickness of the acoustic boundary layer is larger than
the viscous sublayer. A frequency-dependent model of the effective turbulent boundary layer viscosity was proposed by
Howe [22]. From assuming that the thicknesses of the boundary layers are much smaller than the acoustic wavelength he
proposed to replace the layers by an acoustic impedance and thereafter solve an inhomogeneous wave equation. This
model is probably the most complete analytical model so far concerning sound–turbulence interaction within circular
ducts. However, it is restricted to thin acoustic boundary layers, small Mach numbers and assumes a uniform mean core
flow. An improved variant of Howe’s model, that was proposed recently by Dokumaci [23], is based on the assumption of
parallel sheared mean core flow. By taking into account the effect of the mean velocity profile, this model will allow thicker
sublayers than Howe’s model but still assumes negligible mean flow effects in the sublayer. Dokumaci also used the model
in Ref. [23] to extract a two-port, which also was done at the same time by the present authors in Ref. [24], however, using
the original variant of Howe’s model.

In the paper by the present authors [24], where the acoustics of charge air coolers was investigated, favourable low
frequency damping due to interaction between turbulent boundary layers and acoustic waves was observed. However, as
the cooling tubes were rather narrow no available model gave satisfying predictions of this phenomenon and hence the
need for an improved model was enlightened. In the present investigation a numerical study is presented where the finite
element scheme proposed by Astley and Cummings [6] is reformulated into cylindrical coordinates and extended to
account for the interaction between sound and turbulence. The absorption due to the turbulence is introduced with a
linear model for the eddy viscosity that is added to the shear viscosity. This turbulence model, originating from the work by
Prandtl, has earlier been used by Howe [22]. The proposed numerical model in the present investigation has been used to
inversely calculate the spatial distribution of the turbulence damping within the boundary layer for three test cases
presented by Peters et al. [20] and Allam and Åbom [21]. As a result, two modified versions of the empirical formula by
Howe [22] for the thickness of the viscous sublayer interacting with acoustic waves in the upstream and downstream
direction, respectively, are proposed for use with the current formulation. These new equations include the effect of a
convective mean flow and the curvature of the duct wall; hence they will yield improved estimates for smaller Stokes
numbers as long as the flow is turbulent. The small amount of extra damping, that has been observed in the experimental
data at low Mach numbers in the upstream direction in addition to the purely viscothermal, and which has been neglected
so far [22] has been found to coincide in the three test cases. To include this effect a simple empirical model is proposed for
use together with the finite element scheme in order to yield estimates better in accordance with the observed data.

2. Sound propagation in tubes including viscous and thermal effects

2.1. General

When analysing sound propagation in tubes it can often be assumed that the wave front is uniform throughout the
cross-section. This assumption is limited to those cases where the frequency f under consideration is below the cut-on
frequency for the first non-plane mode. For circular cross-sections this limit is given by the first zero of J01, the derivative of
the Bessel function of the first kind, as [25]

k0Ro1:84 or f o
1:84c0

2Rp , (1)

where R is the radius of the tube, k0=o/c0 the wavenumber, o the angular frequency, c0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gp0=r0

p
the isentropic speed of

sound, g the ratio of specific heat and p0 and r0 are the pressure and density of the undisturbed gas, respectively. In
situations where a detailed description of the damping is of importance the dissipative effect due to viscosity and heat
conduction must be taken into account. The viscothermal damping, afluid (the negative imaginary part of the wavenumber)
in the fluid itself is (see Ref. [25] or [26])

afluid ¼
o2m

2r0c3
0
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M. Knutsson, M. Åbom / Journal of Sound and Vibration 329 (2010) 4719–4739 4721
where m is the coefficient of shear viscosity, mv the expansion coefficient of viscosity and x2=mCp/kth the Prandtl number.
The specific heat at constant pressure is Cp and the thermal conductivity is kth. For the case of sound propagation in ducts
the dissipation due to viscous and thermal effects at the boundaries are much larger than those in the fluid itself. The early
model for sound propagation in circular tubes by Kirchhoff [1] from 1868 includes the effect of viscosity as well as heat
conduction. Kirchhoff himself formulated a solution for sound propagation in wide ducts yielding a modified
wavenumber as

k¼
o
c0

1þ
1�iffiffiffi

2
p

s
1þ

g�1

x

� �
�

i

s2
1þ

g�1

x
�
g
2

g�1

x2

 !" #
, (3)

where s¼ R
ffiffiffiffiffiffiffiffiffi
o=n

p
is a shear wavenumber often referred to as the Stokes number and n=m/r0 is the kinematic viscosity.

From Eq. (3) it follows that the damping a0 in a quiescent fluid is
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The 1/s2 term is very small and is therefore often neglected. In the present work it is, however, retained but the damping of
the fluid itself can as noted above be neglected. Several authors have treated solutions to Kirchhoff’s equation. One
important early example is the approximate solution to a simplified version of Kirchhoff’s equation that was found by
Zwikker and Kosten [2] for circular geometries. Their solution is only dependent on the shear wavenumber and is also
known as the ‘‘low reduced frequency solution’’ [3] since it is only valid for cases where k0R51 and k0R/s51.

The evolution of catalytic converters during the latest 20 years inspired several authors to develop improved models
that include the effect of convective mean flow [4–13]. One model that appears to be particularly useful for practical
applications is the model by Dokumaci in Ref. [9]. By approximating the mean flow profile as constant over the tube cross-
section he showed that the simplified equations by Zwikker and Kosten could be solved analytically for the convective
circular case. In a later paper [10], he extended the model in Ref. [9] to include rectangular cross-sections by expanding the
solution in terms of a double Fourier sine series. Astley and Cummings presented in Ref. [6], a numerical finite element
solution scheme based on the simplifications by Zwikker and Kosten that was able to predict solutions for arbitrary shaped
cross-sections for arbitrary mean flow profiles. Both Dokumaci’s and Astley and Cummings’ findings will be used
extensively in the current work. For the derivation of Dokumaci’s solution the reader is referred to his paper [9]. The
solution scheme formulated in [6] will be summarized here; however, reformulated for the axis-symmetric circular case in
the form of an axis-symmetric ring-element.

2.2. Formulation of the linear governing equations

The treatment of linear acoustic waves is normally based on linearization of the equations for conservation of mass and
momentum together with an assumption of no losses and isentropic changes of state, leading to the classical wave
equation in a homogenous fluid at rest. For situations where losses are of importance the linearized equation for
conservation of energy must be included. Since the velocity appears in all equations they are coupled and a full treatment
of the problem requires that they are solved together. For the case of sound waves, below the cut-on frequency for the first
non-plane mode, travelling in a tube where an incompressible parallel mean flow is present the conservation equations can
be linearized, assuming small perturbations from a steady mean value and neglecting second order terms, using u¼ uþu0,
p=p0+p0, T=T0+T0 and r=r0+r0. The acoustic velocity u0 comprises u

0

x, u
0

r and u
0

y for each direction, and the incompressible
mean flow u is U0(r) in the axial direction and zero in the other two directions. Following Ref. [6] the equation for
conservation of mass using the above mentioned simplifications, while assuming that the axial pressure drop is small
becomes

qr0

@t
þr0rUu0 þU0

@r0

@x
¼ 0: (5)

For a circular cross section with radius R, rigid tube walls together with Gauss’ divergence theorem yields the following
integral form for harmonic waves ½expðiotÞ�:Z 2p
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The linearized equation for conservation of momentum, using the same simplifications, becomes
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For the axis-symmetric case (no tangential variations) Eq. (7) can be reformulated, using cylindrical coordinates, to become
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and
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in the axial and radial direction, respectively. Here, u0x and u0r are the acoustic velocity perturbations in the axial and radial
directions, respectively. Using the conventional boundary layer approximation that the radial velocity is much smaller than
the axial and that radial changes are much larger than axial (u

0

r bu
0

x and q/qrbq/qx) Eqs. (8) and (9) simplifies to [4–6]
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and @p0

@r
¼ 0, (11)

respectively. The linearized equation for conservation of energy is [25]
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2
?T 0 þr0f, (12)

where the ideal gas relation b0T0=1 has been used and it has been assumed that there are no pressure or temperature drop
in the axial direction. The dissipation function is

f¼ 2n eijeij�
1

3
D2

� �
, (13)

where eij is the rate of strain tensor and the local rate of expansion is D¼rUu: Using the previous assumptions Eq. (12)
simplifies to
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Using the ideal gas law the linearized equation of state is obtained as

p0

p0
¼

r0

r0

þ
T 0

T0
: (15)

It should be pointed out that the acoustic radial velocity term u0r is omitted in Eqs. (10) and (14) with reference to the
argumentation in [4,6–8] that the effects are small.

2.3. The dimensionless eigenvalue problem

Following the procedure in Ref. [6], however, here using cylindrical coordinates, the following ansatz can be used to
obtain a plane wave type of solution to Eqs. (6), (10) and (14):

u
0

x ¼ c0u�ðr�Þexpðiot�ik0GxÞ, (16)

p0 ¼ p0p� expðiot�ik0GxÞ, (17)

T 0 ¼ T0T�ðr�Þexpðiot�ik0GxÞ, (18)

where G is a dimensionless axial wavenumber. The dimensionless amplitude coefficients un, pn and Tn for the acoustic
velocity, pressure and temperature, respectively, have been introduced in order to simplify the solution of the coupled
equations. The radial coordinate has been non-dimensionalized using the tube radius as rn=r/R and is valid within the
domain 0orno1. The equation of state yields

r0

r0

¼ ðp��T�Þexpðiot�ik0GxÞ: (19)

Substitution of Eqs. (16)–(19) into Eqs. (6), (10) and (14) yields the following conservation equations:
Mass Z 1

0
½ið1�GMÞðp��T�Þ�iGu��r�dr� ¼ 0: (20)

Momentum
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2.4. Formulation of the finite element matrices

The finite element process is based on finding an approximate solution (trial solution) of, for this particular case, the
velocity and temperature fields in the form

u� ¼
Xn

i ¼ 1

ui
�fiðr

�Þ, T� ¼
Xn

i ¼ 1

Ti
�fiðr

�Þ , (23)

where fi are the known shape functions, which must be able to satisfy the boundary conditions individually, and ui
n and Ti

n

are unknown coefficients. The boundary conditions are zero acoustic velocity and temperature at the duct wall and zero
derivatives at the centre of the duct as

u� ¼ T� ¼ 0 at r� ¼ 1,
@u�

@r�
¼
@T�

@r�
¼ 0 at r� ¼ 0: (24)

The plane wave ansatz for the pressure in Eq. (17) gives

p� ¼ p�1 ¼ constant: (25)

Substitution of Eqs. (23) and (25) into the integral equation (20) yields
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The Mach number of the incompressible flow averaged over the cross-section, that is required in Eq. (26) is

M¼ 2

Z 1

0
Mðr�Þr�dr�: (29)

The Galerkin method applied to Eq. (21) together with the divergence theorem yields
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where j=1,2,y,n. Substitution of the expressions for pn and un from Eqs. (23) and (25) in (30) yields

g
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��iGup� ¼ 0: (31)

Here A, B and Am are n�n matrices where n is the number of nodes and the j–kth components are given by
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The same procedure on the energy equations yields
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The Cm-term due to the fluctuating dissipation function is

½Cm�jk ¼

Z 1

0
fj

@M

@r�
@fk

@r�
r�dr�: (35)

When a mean flow is present Eqs. (26), (31) and (35) are coupled and need to be solved together. Here, they are solved
using the following matrix equation:
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Here, 0 indicates a zero matrix of appropriate size.

2.5. Shape functions and discretisation considerations

The procedure of establishing the shape functions in Eq. (23) is well described in any text book describing the finite
element method, i.e. Ref. [27]. In the present investigation three node parabolic Lagrange elements with symmetric
positioned middle node are used. The three shape functions for an element of length Le are

fe
1 ¼

2

ðLeÞ
2

Z� Le

2

� �
ðZ�LeÞ, (37)

fe
2 ¼�

4

ðLeÞ
2
ZðZ�LeÞ, (38)

fe
3 ¼

2

ðLeÞ
2
Z Z� Le

2

� �
, (39)

where Z is the local radial coordinate of the element. In the calculation of the system matrices the integration is performed
analytically, a procedure that would have to be carried out numerically for isoparametric 2D elements. The nodal
discretisation must be able to represent the shear waves in the velocity and temperature fields with large gradients close to
the boundaries. All meshes used in the investigation are therefore strongly biased with the finest resolution close to the
wall.

3. Dissipation by turbulence

3.1. General

When a turbulent mean flow is present in a tube the unsteady transport of momentum, which creates the turbulent
shear stress, can be modulated by acoustic waves. This modulation will cause an extra mixing, that is mainly important
where the gradients of the acoustic particle velocity are large, which will result in a conversion of acoustic energy into
turbulent energy and increased acoustic losses. The numerical approach described in the previous section is here modified
in order to improve the model for turbulence damping of sound in tubes proposed by Howe in Ref. [22] and include the
effect of convection plus allow for thicker acoustic boundary layers.

3.2. Turbulence model

The structure of the boundary layer of a turbulent flow is well documented in the literature and will not be described in
detail here. Basically it consists of the viscous sublayer, the transition zone and the turbulent region [28–30]. The velocity
distribution and the thickness of the layers are controlled by the parameter y+ =uty/n, where ut is the wall-friction velocity
defined as ut ¼

ffiffiffiffiffiffiffiffiffiffiffi
tw=r

p
, tw is the wall shear stress and y is the distance from the wall. Several experimental investigators

have shown that within the viscous sublayer close to a smooth rigid wall the axial velocity distribution is approximately
determined by

U0

ut
¼

uty

n
(40)

and in the turbulent region as

U0

ut
¼

1

k
ln

uty

n

� �
þconstant, (41)
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where kE0.41 is the von Kármán constant and the constant is approximately 4.9. In the transition zone between the
viscous sublayer and the turbulent region a gradual transition between Eqs. (40) and (41) has been reported. There is,
however, no precise limit between the layers but experiments suggests that the gradual transition from laminar to
turbulent flow takes place in the zone where 5outy/no30. Combining Eqs. (40) and (41) while solving for y+ gives an
approximation of the nominal viscous sublayer thickness as y+ =uty/nE10.7. The friction velocity ut is here determined
from the empirical pipe flow formula [29]

U0

ut
¼

1

k ln
utR

n

� �
þ2:0: (42)

Based on earlier experimental investigations on the subject [18–20] there is a discussion in Ref. [22] about damping of
acoustical waves defined by the relation of the thickness of the acoustical sublayer to the thickness of the viscous sublayer
for an oscillating turbulent mean flow. Several authors have reported that for low frequencies when the acoustic boundary
layer extends far out in the turbulent region significant damping is achieved [18–20]. Hence, for high frequencies, when
the acoustic boundary layer is very thin and stays within the viscous sublayer, there is no effect of turbulence on the
acoustic dissipation. In the region where the acoustic sublayer is about twice as thick as the viscous sublayer the damping
will be controlled by both viscous effects as well as turbulence interaction [22]. The identification of this region is
important for the discussion later in this paper of a modified version of the model by Howe [22]. The frequency-dependent
thickness of the acoustic boundary layer, or the viscous penetration depth, for a sound wave passing over an infinite,
smooth plate located at y=0 in a medium where there is no mean flow present can be derived from the boundary layer
equation

@u
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@t
¼�
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, (43)

where x is parallel to the plate. The well known solution for harmonic waves ½expðiotÞ� is [25]

u0x ¼
p0
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o=ð2nÞ
ph i

(44)

which yields the thickness of the acoustic boundary layer as [25]
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: (45)

When there is a uniform mean flow U0 present, Eq. (43) is modified to
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In Ref. [9] Dokumaci assumed a uniform profile and was able to extract an analytical solution for convective sound in a
circular tube. For the case of a sound wave passing an infinite plate the solution to Eq. (46) can, from using the Dokumaci
approximation with a constant mean flow, be obtained as

u
0

x ¼
p0

r0c0ð1�MÞ
1�eyði�1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o=½2nð1�MÞ�
pn o

: (47)

It is obvious that the thickness of the acoustic sublayer is different when an incompressible mean flow is superimposed,
but also that it will be different for waves propagating up- and downstream the flow. For the case of a circular tube Ref. [9]
gives the relation between acoustic velocity and pressure as

u0x ¼
p0G

r0c0ð1�GMÞ
1�

J0 rði�1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
oð1�GMÞ=ð2nÞ

p	 

J0 Rði�1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
oð1�GMÞ=ð2nÞ

p	 

( )

, (48)

where G is a dimensionless, imaginary axial wavenumber, that has different sign and value for up- and downstream
propagation, and J0 the Bessel function of the first kind. The thickness of the acoustic boundary layer is no longer intuitively
defined here. In the present work it is proposed to use the normalised admittance H¼ r0c0u

0

x=p0 in the plane, unconvected
case and use this value in the convective bounded case to calculate the corresponding thicknesses of the acoustic boundary
layers. Since we are interested in finding half the thickness of the acoustic sublayer dAfM7 =2 (where the index f refers to
the circular case and M7 to the convective case for down- or upstream travelling waves, respectively) we get the
following equation:

1�eði�1Þ=2
��� ���¼ G

ð1�GMÞ
1�

J0
dAfM 7

2 ði�1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
oð1�GMÞ=ð2nÞ

ph i
J0 Rði�1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
oð1�GMÞ=ð2nÞ

p	 

8<
:

9=
;

������
������, (49)

that can be solved by iteration. However, first G must be calculated, a task that can be carried out iteratively as is described
in Ref. [9].
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Fig. 1 exemplifies the solution to Eq. (49). It can clearly be seen that for this particular case the difference between the
infinite plate solution and the cylindrical solution without incompressible mean flow is very small. This difference is
dependent on the Stokes number and will become much larger for low Stokes numbers when the thickness of the acoustic
boundary layer is of the same order of magnitude as the tube radius. For the convective solutions it can be stated that the
thickness of the acoustic boundary layer is thinner for upstream propagating waves and thicker for downstream
propagating waves (indicated by the two vertical lines). This effect is controlled by the Mach number.

Based on the discussion above it can now be concluded that the state when the edge of the viscous sublayer coincides
with middle of the acoustic sublayer is defined by the Stokes number, the Mach number and the direction of flow. In Ref.
[22] Howe described the state when the viscous and thermal effects as well as the effects from turbulence diffusion are
significant using a critical frequency. From assuming that the edge of the viscous sublayer is positioned at y=7n/ut and the
middle of the acoustic boundary layer as defined by Eq. (45) to be at dA=2¼

ffiffiffiffiffiffiffiffiffiffiffiffi
n=2o

p
he found this critical frequency to be

approximately o� � 0:01u2
t=n: Introducing the normalised thickness of the acoustic boundary layer as

dþA ¼ dA=ðn=utÞ ¼ ut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ðnoÞ

p
this critical condition appears when dþA coincides with

dþA,crit ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=0:01

p
� 14: (50)

For the circular convective case there will be two slightly different critical conditions, obtained when the middle of the
convective acoustic boundary layers dAfMþ =2 and dAfM�=2, obtained from Eq. (49), are positioned at the edge of the viscous
sublayer. This yields

dAfM7 ,crit=2¼ 7n=ut (51)

or when normalised with n=ut

dþAfM7 ,crit ¼ 14 (52)

which is approximately the same numerical value as in Eq. (50). Since dAfM�adAfMþwhen M40 the critical frequency or
Mach number will be different for waves travelling up- and downstream relative to the flow.

Howe proposed an extension of Prandtl’s linear approximation for the turbulent eddy viscosity as [22]

em ¼ 0, yodvðoÞ
¼ kut½y�dvðoÞ�, y4dvðoÞ, (53)

where dv is a frequency-dependent thickness of the viscous sublayer. In order to match the experimental data obtained by
Peters et al. [20] he suggested an empirical formula for dv as

dvut
n ¼ y 1þ

sðo=o�Þ3

1þðo=o�Þ3

" #
,

o�n=u2
t � 0:01, o40, (54)

where y=6.5 and s=1.7. Here, dv is approximately equal to the sublayer thickness for low frequencies when o/on-0 and
increases to dvut/n=17.55 when obon and the efficiency of the turbulence is reduced. A better alternative for Howe’s
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Fig. 1. Absolute value of normalised admittance for a circular tube with diameter=0.035 m, frequency=100 Hz and Mach number=0.2. —, Infinite plane,

Eq. (44); � � � � , cylindrical tube without flow, Eq. (48); � � � , cylindrical tube upstream, Eq. (48); � � � , cylindrical tube downstream, Eq. (48). The

two vertical lines represent the middle of the acoustical sublayer for the upstream and downstream cases (from left to right) calculated using Eq. (49). The

coordinate y represents the perpendicular distance to the wall.
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empirical formula is to use dþA,crit instead of on as the effect of the Mach number then is included. Consequently the
following expression is obtained, which in principle is the same as recently was proposed by Dokumaci in Ref. [23],

dvut
n ¼ y 1þ

sðdþA,crit=d
þ

A Þ
6

1þðdþA,crit=d
þ

A Þ
6

" #
,

dþA,crit � 14, dþA 40, (55)

where y and s have the same numerical values as in Eq. (54). In order to match experimental data when using a solution
strategy that takes into account the convective effects on the acoustic boundary layer the empirical expression (55) must
be updated.

By averaging the momentum and continuity equations over the cross-sectional area and use the eddy viscosity to
control the momentum and thermal boundary layers Howe could find an analytical expression for the wavenumber. The
damping of the plane wave is given by the imaginary part of the wavenumber for the propagating wave as

a7 ¼

ffiffiffiffiffiffiffi
2o
p

c02Rð17MÞ
real

ffiffiffi
2
p

e�ip=4 1

ð17MÞ2
ffiffiffi
n
p

FA

ffiffiffiffiffiffiffiffiffiffiffi
ion
k2u2

t

s
,dv

ffiffiffiffiffiffi
io
n

r !"(

þ
bc2

0

Cp

ffiffiffi
w
p

FA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iowx4

k2u2
t

s
,dv

ffiffiffiffiffiffi
io
w

s0
@

1
A
3
5
9=
;, (56)

where real indicates the real part, b is the coefficient of expansion at constant pressure, w=kth/(r0Cp) is the thermometric
conductivity and

FAða,bÞ ¼ i
Hð1Þ1 ðaÞcosðbÞ�Hð1Þ0 ðaÞsinðbÞ

Hð1Þ0 ðaÞcosðbÞ�Hð1Þ1 ðaÞsinðbÞ
: (57)

Here, Hð1Þn is a Hankel function of order n.
3.3. The modified equation for conservation of momentum

Using the ideas from Ref. [22], based on augmenting the eddy viscosity em to the shear viscosity, the linear equation for
conservation of momentum (10) in the axial direction is here modified to
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Du
0

x

Dt
¼�

@p0
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, (58)

where D=Dt¼ @=@tþU0@=@x is the linearized convective derivative, with the axial velocity U0 equal to the incompressible
mean flow velocity, and r? is the nabla-operator taken over the cross-section of the duct. Expressed in cylindrical
coordinates while assuming symmetric fields and harmonic waves ½expðiotÞ� Eq. (58) becomes
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: (59)

The turbulent eddy viscosity spatial distribution in Eq. (53) expressed in cylindrical coordinates becomes

em ¼
kut½R�dvðoÞ�r�, 0oroR�dvðoÞ,

0, R�dvðoÞrroR:

(
(60)

Insertion of Eq. (60) into Eq. (59) yields for 0oroR�dv(o)
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which after some rearrangements becomes
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Insertion of Eqs. (16)–(18) into Eq. (62) yields
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where Kv=2kutR/n has been introduced. The Galerkin procedure and the divergence theorem together with the boundary
conditions in Eq. (24) applied to Eq. (63) yields the modified version of Eq. (31) as

g
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dv

R

� �� �
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gKv

s2
B2u�þ igðA�GAmÞu
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where B2 is an n�n matrix, n is the number of nodes and the j–kth component is given by

½B2�jk ¼

Z 1
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r�2 dr�: (65)

In a more compact form Eq. (64) can be written as

g
s2
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��iGup� ¼ 0: (66)

Here, Bu is an n�n matrix where n is the number of nodes and the j–kth component is given by
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In the region r4R�dv(o) Bu is reduced to B as defined in Eq. (32).

3.4. The modified equation for conservation of energy

The influence of turbulence mixing on the energy equation was obtained in Ref. [22] by using Reynolds analogy. Here,
the equation for conservation of energy (14) is modified accordingly; however, maintaining the effect of convection and
the influence of a circular cross-section, and hence transfers to
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where the eddy diffusivity is given by eT ðrÞ ¼ emðrÞ=x
2
t . The turbulence Prandtl number is assumed to be constant; in air

x2
t � 0:7. Substitution of the expression for the eddy diffusivity into Eq. (68) yields
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within 0oroR�dvðoÞ. This can be reformulated using the Prandtl number as
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Introducing Kt ¼ Kvx
2=x2

t Eq. (70) becomes
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Insertion of Eqs. (17) and (18) into Eq. (71) yields after some rearrangements
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The Galerkin procedure and the divergence theorem together with the boundary conditions in Eq. (24) applied to Eq. (72)
yields the modified version of Eq. (34) as
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where Cm2 is an n�n matrix, n is the number of nodes and the j–kth component is given by
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In a more compact form Eq. (73) becomes
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where BT and CmT are n�n matrices, n is the number of nodes and the j–kth components are given by
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and
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respectively. In the region r4R�dv(o) BT and CmT are reduced to B and Cm, respectively, as defined in Eqs. (32) and (35).

3.5. The modified finite element matrices

The modified version of the matrix equation (36) based on Eqs. (26), (66) and (75) becomes
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when 0oroR�dv(o). Outside this region, when R�dv(o)oroR only viscous and thermal effects exists and the problem
is described by Eq. (36). An important feature of Eq. (78) is that the problem now must be updated for each new frequency
or flow speed due to the variation of dv.

4. Incompressible mean flow profile in tubes

The velocity profile of an incompressible mean flow in a tube is controlled by the Reynolds’ number defined as

Re¼
2RU0

n : (79)

Experimental investigations have shown that the flow in a circular pipe is laminar if Reo2100 [28] and that it is turbulent
if Re44000. When 2100oReo4000 the flow experiences a transition, hence it can be either laminar or turbulent.
A laminar flow profile is described by Poisson’s equation, which can be solved analytically for circular tubes, yielding
steady Hagen–Poiseuille flow as

Mðr�Þ ¼ 2Mð1�r�2Þ, (80)

where M is the average mean flow over the entire cross-section. For turbulent pipe flow the distribution is much more
complicated and can be approximated by Eqs. (41) and (40) in the turbulent region and in the viscous sublayer,
respectively. Another widely accepted approximation of the turbulent mean flow distribution is the so-called seventh-root
law for turbulent velocity distribution [28]. Based on experiments it has been shown that turbulent velocity profiles agree
quite well with

U0ðrÞ

U0ð0Þ
¼ 1�

r

R
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, (81)

where n=7 is representative value. Using the Mach number and its cross-sectional average this can also be written as

MðrÞ ¼
60

49
M 1�

r

R

� �1=7

: (82)

The velocity distribution within the viscous sublayer is of course not correct but in the main part of the tube this profile
is a good approximation. The final expression for the length dv that is used in the FE-formulation will depend on what
mean flow profile is assumed. The choice between how the relation is extracted and how it is used must hence be
consistent.

For large values of the Reynolds number the mean velocity varies slowly in the core of the flow, as can be seen from
Eq. (82), and is often approximated as being constant. In the model in Ref. [22] a constant flow profile was assumed when
the convective momentum and continuity equations were combined to yield a non-homogenous wave equation from
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which the wavenumber that yields the damping was calculated. The non-homogenous part is a result of the admittance of
the wall shear layer that accounts for the interaction with the turbulent wall flow. The convective terms were discarded in
the derivation of this wall admittance. In the FE-formulation in the present investigation an arbitrary mean flow profile can
be used which opens the possibility to investigate the effect of using the constant flow profile or a more correct profile but
also to include the effect of convection within the acoustic boundary layers.

5. Finite element models

The discretisation procedure for the proposed model is somewhat complicated since the element resolution
must be dependent on the wavelength of the shear wave but also on the frequency and Mach number dependent
thickness dv. Hence, a new mesh will be required for every new flow speed or frequency. However, as the discretisation,
for this axisymmetric case, is just in the radial direction it is a task that easily can be automated. The large gradients
of the shear wave decays exponentially towards the centre of the tube and the region that needs the finest
resolution is about one wavelength of the shear wave. If convective effects are neglected this shear wavelength can be
estimated as [25]

l¼ 2p
ffiffiffiffiffiffiffiffiffiffiffiffi
2n=o

p
: (83)

For the circular tube case, with a mean flow present, the wavelength will, as was shown earlier, be slightly different. In
order to accurately resolve this region where most of the attenuation occurs, it was chosen to use a finer discretisation for r

limited by R�3pdAfM7 oroR, and resolve it with 15 second order elements. In the core region where roR�3pdAfM7 a
biased mesh consisting of 20 second order elements is used in order to create a smooth transition to the small elements in
the dense region from the much larger elements close to r=0 where the velocity gradient is close to zero. Validation of the
mesh discretisation is carried out by comparison of the model for the case of no turbulence with the analytical solution by
Dokumaci [9]. For a tube filled with air at room temperature, with diameter 0.035 m, at a frequency of 250 Hz and a mean
flow varying between Mach=0.01 and 0.2 the relative error is less than 0.2% for the imaginary part of the wavenumber and
even smaller for the real part. For the case with turbulence eddy viscosity the finite element mesh within
R�3pdAfM7 oroR is massaged so that the distance dv from R falls at an element boundary. Additionally the mesh is
slightly refined with some extra elements at the region close to r=R�dv where a discontinuity in the gradient of the
acoustic particle velocity is enforced. For the flow cases in the following validation all appearances of dv falls within
R�3pdAfM7 oroR. For any other case when dv43pdAfM7 the region R�dvoroR�3pdAfM7 must also be refined in
order to make sure that the shear wave is sufficiently described.

The solution of the eigenvalue problem given by Eq. (78) yields as many eigenvalues as there are degrees of freedom
(twice the number of nodes +1). In Ref. [6] the modes are discussed and it was stated that the two modes that are least
attenuated can be identified as representing acoustic waves. The other modes can be seen as representing thermal and
hydrodynamic modes. For the present case, when the thermoviscous attenuation is smaller, due to higher Stokes numbers,
the imaginary part of the wavenumber of the lowest of these higher modes might be of the same order of magnitude as for
the ones representing acoustic waves. In order to find the acoustic waves the acoustic solutions will hence have to be
sorted out using the real part of the wavenumber. The acoustic modes can easily be identified as they have a smaller real
part of the wavenumber than all other modes. If the proposed model is used to extract a two-port that is coupled to other
acoustic elements the near field effects or higher modes at the cross-section with a discontinuity might influence the
results.

6. Model validation

6.1. Validation test cases

Three experimental test cases, reported by Peters et al. [20] and Allam and Åbom [21], have been used to validate the
proposed numerical scheme. The test details are summarized in Table 1. The Stokes numbers are, as can be seen, rather
high and hence the acoustic boundary layers can be considered as being thin. No experimental results for thick acoustic
boundary layers have been found and the proposed model is so far only validated for thin layers. The measurements by
Peters et al. [20] were used by Howe to validate his model in Ref. [22]; Allam and Åbom presented their measurements in
Ref. [21] together with calculated data obtained using Howe’s model. All three cases showed good correspondence with
Howe’s model except for some discrepancies for waves propagating towards the mean flow for low values of dþA . Possible
reasons for those discrepancies were given by Howe [22] as anomalous experimental results or as a result from deviation
from the eddy viscosity model due to a too small Reynolds number.

6.2. Inverse calculations

In order to identify the thickness dv (Eq. (53)), the proposed finite element scheme has been used to iteratively calculate
the numerical value of dv that is required to match the available experimental data. The results, that have been achieved
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both for the case of a flat mean flow profile as well as for a profile based on Eqs. (41) and (40), are shown in Figs. 2–5. The
components in the system matrices in Eq. (78) were obtained using symbolical integration using the commercial software
MAPLE 11 [31] leading to lengthy expressions that are not given here. For the constant mean flow profile the CmT-term
vanishes but for the combined profile it will exist but turned out to be very difficult to calculate using MAPLE 11, hence it is
neglected. The effect of this simplification is assumed to be small but needs to be further verified. It can be concluded that
the deviations between the cases are not negligible; however, the largest deviations are focused to the measurements at
100 Hz from Ref. [21]. If this measurement were omitted the deviations would be much smaller. For values of
dþAfMþ =d

þ

AfM7 ,crit less than or approximately equal to 0.9 it is not possible to find matching values in the downstream cases
since the experimental damping is less than the purely viscothermal solution. If a curve similar to the one proposed by
Howe (Eq. (55)) is assumed those values are, however, mainly important to get the slope of the relation correct. As long as
the viscous sublayer covers the acoustic boundary layer the turbulence will hardly affect the damping at all and the
damping will converge to the solution for thermoviscous bounded propagation proposed by Dokumaci [9]. The inversely
obtained estimates of dv in the upstream direction do not follow the general trend outlined by Eq. (55) for values of
dþAfM�=d

þ

AfM7 ,crit less than or approximately equal to 0.9. The extra damping that yields this result was observed by Howe
[22] in the measurements by Peters et al. [20] and was commented on as probably being anomalous. However, in the
original experimental data by Allam and Åbom in Ref. [21], a similar trend can be found in both cases. So far, no
explanation can be given for this extra damping caused by the very low Mach numbers, but the inversely obtained trend
for dv is very similar for all three cases.

Since the data is not obtained at identical values for dþA the cubic interpolation provided within the software package
MATLAB [32] is used before averaging. The resulting average curves are shown in Fig. 6 and it is obvious that the numerical
scheme that has been proposed cannot be combined with the empirical formula in Eq. (54) by Howe [22] since the
convective effect in the boundary layers will require different values. It can also be seen that the effect of using the more
Table 1
Data for validation cases 1–3.

Case 1 Case 2 Case 3

Author Peters et al. [20] Allam and Åbom [21] Allam and Åbom [21]

Diameter (m) 0.030 0.035 0.035

Frequency (Hz) 88 100 250

Helmholtz no. [k0R] 0.024 0.032 0.080

Stokes no. R
ffiffiffiffiffiffiffiffiffi
o=n

p	 

91 113 179

Mach no. [U0/c0] 0.018–0.10 0.01–0.22 0.01–0.22

Reynolds no. �103[2RU0/n] 12–71 7.7–172 7.7–172

dþA ut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ðnoÞ

p	 

3.5–31 3.1–48 2.0–31

k0R/s 0.00027 0.00028 0.00045
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Fig. 2. Required dvut/n as a function of dþAfM�=d
þ

AfM7 ,crit in the upstream direction when assuming constant flow distribution: (’) Peters et al. [20]

k0R=0.024; (n) Allam and Åbom [21] k0R=0.032; (K) Allam and Åbom [21] k0R=0.080; (� � �) Empirical formula by Howe [22]; (—) average value; and

( . . . ) 720% of average value.
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Fig. 3. Required dvut/n as a function of dþAfMþ =d
þ

AfM7 ,crit in the downstream direction when assuming constant flow distribution: (’) Peters et al. [20]

k0R=0.024; (n) Allam and Åbom [21] k0R=0.032; (K) Allam and Åbom [21] k0R=0.080; (� � �) empirical formula by Howe [22]; (—) average value; and
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Fig. 4. Required dvut/n as a function of dþAfM�=d
þ

AfM7 ,crit in the upstream direction when assuming turbulent flow distribution: (’) Peters et al. [20]

k0R=0.024; (n) Allam and Åbom [21] k0R=0.032; (K) Allam and Åbom [21] k0R=0.080; (� � �) empirical formula by Howe [22]; (—) average value; and

( . . . ) 720% of average value.
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complicated combined turbulent flow profile is quite small. The predicted values differs less than 10% compared to the flat
profile predictions; the largest values appearing in the upstream direction. The combined profile yields, as expected due to
the lower value of the spatial mean flow within the sublayer, solutions that are closer to the unconvected empirical
formula in Eq. (55) by Howe. Since the calculations required when approximating the mean flow profile as constant are
much simpler than those for the combined profile and the difference is rather small, only relations for the constant profile
will be presented here.

Based on the observations above, a modified version of Howe’s formula (55) is proposed here for calculations where the
constant flow profile is used as

dv�ut
n ¼ y� 1þ

sðdþAfM7 ,crit=d
þ

AfM�Þ
7

1þðdþAfM7 ,crit=d
þ

AfM�Þ
7

" #
,

dþAfM�40, dþAfM7 ,crit ¼ 14 (84)
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Fig. 5. Required dvut/n as a function of dþAfMþ =d
þ

AfM7 ,critin the downstream direction when assuming turbulent flow distribution: (’) Peters et al. [20]

k0R=0.024; (n) Allam and Åbom [21] k0R=0.032; (K) Allam and Åbom [21] k0R=0.080; (� � �) empirical formula by Howe [22]; (—) average value; and

( . . . ) 720% of average value.
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and

dvþut
n ¼ yþ 1þ

sðdþAfM7 ,crit=d
þ

AfMþ Þ
7

1þðdþAfM7 ,crit=d
þ

AfMþ Þ
7

" #
,

dþAfMþ40, dþAfM7 ,crit ¼ 14 (85)

for the upstream and downstream case, respectively. The constant s that controls the damping for low values of dAfM7 is
equal in both directions with a value sE1.2 while y� � 6 and yþ � 9, that controls the damping when the turbulent
damping is dominant is different for up- and downstream propagating waves. Predictions based on Eqs. (84) and (85) are
shown in Figs. 7–9 for the three validation cases. The predictions of the part of the curves where the turbulent damping
dominates are of similar accuracy as those from using the model by Howe [22] in the downstream direction. The backward
wave predictions from the proposed model deviates in a similar way as was predicted by Dokumaci in Ref. [23] from those
from using Howe’s model.

In order to predict the, so far unexplained, extra damping appearing when dþAfM�=d
þ

AfM7 ,crito0:9 in the upstream case,
it is also proposed to use the lowest value of

dv�ut
n
¼ y�,eng

dþAfM�

dþAfM7 ,crit

 !1:5

þ1

2
4

3
5 (86)
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Fig. 7. Relation between damping and normalised acoustic boundary layer for k0R=0.024: (’) experimental, upstream [20]; (K) experimental,
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and Eq. (84) for engineering purposes. The constant y� ,engE11.7 yields the best correspondence with the available
experimental data.

Fig. 10 shows the same relations as in Fig. 7 but zoomed in on the region dominated by the thermoviscous boundary
effects. Here, it can be seen that the proposed numerical model converges to the Dokumaci solution [9] for a
thermoviscous, non-turbulent, bounded fluid while the solution by Howe [22] is slightly different. This is most likely due to
the 1/s2 term in the Kirchhoff damping that is neglected in Howe’s model. This effect is very small for large Stokes numbers
but gets more important for smaller when the acoustic boundary layers gets thicker.

The purpose of this study is to propose a method to treat situations where the acoustic boundary layers are thicker than
those present in the experimental studies in Refs. [20,21], where the shear wavenumber s is larger than 90 (see Table 1). To
the authors’ knowledge no such high quality experimental data, i.e., with shear wavenumbers much smaller than 90, is
available in the literature. The experimental data in Ref. [24] for a charge air cooler includes shear wavenumbers in the
domain 6rsr35, which is much smaller than the data from Refs. [20,21] used in this paper. However, the presented
transmission loss data represents a complete charge air cooler which is a built-up component that has been assembled by
two irregularly shaped volumes with plastic walls and a matrix of narrow cooling tubes. This experimental data will hence
not provide a reliable validation case for the waveguide model that has been proposed in the present study. In order to get
an impression of how the proposed model behaves for smaller Stokes numbers, the damping from an imaginary case where
the diameter of the duct is smaller and the Stokes number is 40 is shown in Fig. 11. This is of course not a validation of the
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model since no experimental data exists, but it can be seen that the damping still converges towards the viscous solution
by Dokumaci [9] as expected for low values of dþA while the estimates from using the model by Howe now is much less
accurate. It should be noticed here that the damping in the upstream direction is calculated using Eq. (84). In the inverse
calculations it was shown that Eq. (86) would give the best predictions and yield more damping than the thermoviscous
solution. This investigation still gives no explanation for this damping and physical considerations as well as further
measurements are required in order to explain but also to verify if this additional damping is present for smaller values of
the Stokes number.
7. Application example—simple tube

From practical point of view it might be interesting to study the attenuation for a fixed geometry as a function of
frequency or Mach number. In order to visualize the difference between the proposed model and the model by Howe [22]
three single ducts with the diameters 30, 15 and 3 mm are analyzed using a fixed flow speed (M=0.1) and a frequency



Table 2
Data for application case 1–4.

Case 1 Case 2 Case 3 Case 4

Diameter (m) 0.030 0.015 0.003 0.003

Frequency (Hz) 50–1000 50–1000 50–1000 50–1000

Helmholtz no. [k0R] 0.014–0.28 0.0069–0.14 0.0014–0.028 0.0014–0.028

Stokes no. ½R
ffiffiffiffiffiffiffiffiffi
o=n

p
� 69–307 35–153 6.9–31 6.9–31

Mach no. [U0/c0] 0.1 0.1 0.1 0.06

Reynolds no. �103[2RU0/n] 68 34 6.8 4.1

k0R/s�10�4 2–9 2–9 2–9 2–9
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Fig. 12. Predicted attenuation for a single tube with diameter 30 mm at M=0.1. Upper curves correspond to the upstream case: (� � � � ) Howe [22];

( � � � ) Dokumaci [9]; (—) present model Eq. (84) or Eq. (85); (� � �) present model Eq. (86).

2 4 6 8 10 12 14
0.85

0.9

0.95

1

1.05

1.1

1.15

1.2

1.25

1.3

α ±
/α

0
α+/α0

α−/α0

δA
+
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sweep between 50 and 1000 Hz. The duct with the smallest diameter is additionally analyzed using a smaller Mach
number. Air at room temperature is assumed and important figures are summarized in Table 2.
The predicted attenuation is shown in Figs. 12–15 for Cases 1–4, respectively. The definition for attenuation is here

attenuation¼ 8:6869Imðk0GÞ9 ðdB=mÞ: (87)

The differences between those from the proposed model and those from the model by Howe are relatively small for wider
tubes as can be seen in Figs. 12 and 13. The differences are, as expected, increasing with decreasing diameter. For the tube
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Fig. 14. Predicted attenuation for a single tube with diameter 3 mm at M=0.1. Upper curves correspond to the upstream case: (� � � � ) Howe [22];

( � � � ) Dokumaci [9]; (—) present model Eq. (84) or Eq. (85); and (� � �) present model Eq. (86).
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Fig. 15. Predicted attenuation for a single tube with diameter 3 mm at M=0.06. Upper curves correspond to the upstream case: (� � � � ) Howe [22];

( � � � ) Dokumaci [9]; (—) present model Eq. (84) or Eq. (85); and (� � �) present model Eq. (86).
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Fig. 13. Predicted attenuation for a single tube with diameter 15 mm at M=0.1. Upper curves correspond to the upstream case: (� � � � ) Howe [22];

( � � � ) Dokumaci [9]; (—) present model Eq. (84) or Eq. (85); and (� � �) present model Eq. (86).
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with the diameter 3 mm are the differences of the order 0.5 dB/m. Important is that these differences also depends strongly
on the Mach number, which can be seen in Figs. 14 and 15. This result can be explained by the influence of the Mach
number on the sublayer thickness.
8. Summary and conclusions

A numerical model that predicts the damping due to the interaction between turbulence and sound waves propagating
in a tube has been proposed and validated. It consists of an extension of the finite element scheme proposed by Astley and
Cummings in Ref. [6] in combination with the turbulent eddy viscosity model proposed by Howe in Ref. [22]. The
formulation is carried out using cylindrical coordinates and allows convection of an arbitrary flow profile. Three cases from
the literature, with different duct diameters and frequencies, have been used for validation. It has been shown that the
accuracy is of the same order as the model proposed by Howe in Ref. [22] for intermediate Stokes numbers (�100) and
Mach numbers less than 0.1. However, the proposed model shows better correspondence with the pure thermoviscous
predictions obtained from the model proposed by Dokumaci [9] for low Mach numbers. An empirical model for
engineering purposes has been proposed for the unexplained additional damping observed in all three validation cases for
low Mach numbers in the upstream direction.

The development of the proposed numerical scheme involves some simplifications that can be addressed in order to
further improve the accuracy of the predictions. Important are most likely the influence of the neglected radial velocity and
the assumption of a constant pressure over the cross-section. Several authors have dealt with this problem (see e.g. Refs.
[7,8]) for the purely thermoviscous bounded case and have shown that the simplification will most likely have a noticeable,
but small effect. However, it is not clear in how large extent it will affect this model where the turbulence is included.

The turbulence eddy viscosity model that has been used is, as was stated by Howe in Ref. [22], based on the work by
Prandtl and is indeed very simplified. The spatial distribution that was proposed by Howe enforces a discontinuity in the
gradient of the total viscosity at the position given by dv. The numerical scheme proposed here gives the possibility to use a
more advanced turbulence model that better takes into account the properties of the transition between the turbulent
region and the viscous sublayer. Also the value of the Reynolds number is important since there will be a lower limit when
the model is valid. In Ref. [22] it was stated that the eddy viscosity model might be questionable for situations where the
Reynolds number is less than 104.

Finally, the model needs to be validated using experimental data for more values on the Stokes number. Particularly at
low Stokes numbers, where the acoustic boundary layers are thick, more experimental data is required. It would also be
beneficial to include the model by Dokumaci [23], which should be valid for thicker sublayers than the model by Howe
[22], in the validation since it provides a simpler treatment of the problem than the model proposed in the present paper.
Although it is not valid for such thick sublayers as the proposed model it might provide useful estimates with less
computational effort.
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